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ABSTRACT: Achieving chemical accuracy with shallow quantum
circuits is a significant challenge in quantum computational
chemistry, particularly for near-term quantum devices. In this
work, we present a Clifford-based Hamiltonian engineering
algorithm, namely CHEM, that addresses the trade-off between
circuit depth and accuracy. Based on a variational quantum
eigensolver and hardware-efficient ansatz, our method designs the
Clifford-based Hamiltonian transformation that (1) ensures a set
of initial circuit parameters corresponding to the Hartree—Fock
energy can be generated, (2) effectively maximizes the initial
energy gradient with respect to circuit parameters, (3) imposes
negligible overhead for classical processing and does not require
additional quantum resources, and (4) is compatible with any

Clifford Transformation

—)

Hardware Efficient Ansatz Chemical Accuracy

circuit topology. We demonstrate the efficacy of our approach using a quantum hardware emulator, achieving chemical accuracy for
systems as large as 12 qubits with fewer than 30 two-qubit gates. Our Clifford-based Hamiltonian engineering approach offers a
promising avenue for practical quantum computational chemistry on near-term quantum devices.

1. INTRODUCTION

In the past decade, quantum computing has been on an
extraordinary trajectory of growth and development, paving
the way for the quantum simulations of molecular proper-
ties.' ~® A groundbreaking study in 2014 successfully simulated
the HeH" molecule using a 2-qubit photonic quantum
processor.” This pioneering work introduced the Variational
Quantum Eigensolver (VQE) algorithm,*” which has become
the most widely adopted algorithm for the quantum simulation
of molecules in the noisy intermediate-scale quantum (NISQ)
era.' ! Building on this foundation, a research team from IBM
in 2017 expanded the scope of quantum simulations to larger
molecules, such as BeH,, by employing a 6-qubit super-
conducting quantum processor.12 Subsequent progress in this
field unlocked the potential for quantum computation to
profile the chemical reaction for diazene isomerization and
cyclobutene ring opening using the S54-qubit “Sycamore”
quantum processor. '* However, hindered by the limited
circuit depth and hardware noise, the accuracy of these studies
remained suboptimal. A recent attempt to fill this gap has
reached the chemical accuracy of the LiH molecule by an
optimized unitary coupled cluster(UCC) ansatz on super-
conducting qubits."> These achievements show the potential of
quantum computing to reshape computational chemistry. As
quantum hardware and algorithms evolve rapidly, it is
envisioned that quantum computers will play an increasingly
significant role to enhance our understanding of molecular
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systems and to expedite the discovery of novel materials and
drugs. 162

The VQE algorithm is a powerful method for estimating the
ground state energy of a given molecular system, leveraging the
Rayleigh-Ritz variational principle.””"** In this approach, a
parametrized quantum circuit, also referred to as an ansatz, is
constructed to approximate the true ground state wave
function. A quantum computer evaluates the energy expect-
ation for a given set of circuit parameters at each iteration, and
then a classical optimizer modifies the circuit parameters to
minimize the energy. A critical challenge in the successful
implementation of the VQE algorithm lies in the design of
ansatzes that strike a balance between flexibility and
simplicity.”*™*° Specifically, ansatzes must be capable of
representing the wave function of molecular systems while
remaining sufficiently simple to be efliciently implemented on
quantum computers.

The UCC ansatz is initially proposed due to its clear
chemical picture and close resemblance to the traditional
Coupled Cluster (CC) theory.””” The ansatz starts with a
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Figure 1. Schematic diagram for the CHEM approach. The overall objective is to find the Clifford Hamiltonian transformation Ucygy to maximize
the reward function R (eq 10). The parameters to optimize in the workflow are {C;} and s, which are shown on the left of the flowchart and marked

7

in magenta. C; is single-qubit Clifford gates in the HEA circuit Uyga(8). s is a permutation defined by eq 19 that determines the Clifford unitary U
based on Uyps(0) and system Hamiltonian H. Ugygy is constructed according to eq 7, which is then used to transform the Hamiltonian H. g, the
energy gradient with respect to the engineered Hamiltonian H' at 0 = 0, is calculated according to eq 16, which in turn determines R, The values of
{C} and s are optimized by a discrete optimizer based on R. The optimal values are used to construct the engineered Hamiltonian H' fed into the

downstream VQE task.

Hartree—Fock (HF) initial state and then applies excitations to
capture the correlation energy. Despite its high accuracy with
only single and double excitations (UCCSD), most quantum
hardware experiments are conducted using the Hardware-
Efficient Ansatz (HEA)'>'7**7*° or substantially simplified
UCC variants”"*~">?"** due to the deep circuit depth of
UCC. The HEA family of ansatzes is specifically designed for
simple implementation on NISQ devices with shallow circuits.
However, the HEA approach presents its own set of challenges,
often related to optimization difficulties,””** which result in a
lower accuracy compared to the UCC ansatz. For instance,
random initial guesses are typically employed due to the lack of
systematic methods to appropriately initialize HEA circuit
parameters. Unlike the UCC ansatz, where setting all
parameters to zero corresponds to initiating the VQE
optimization from the HF state, selecting circuit parameters
that yield the HF state as the output is nontrivial for the HEA
approach. Compounding this issue, random HEA circuits are
known to suffer from the “barren plateau” phenomenon,
wherein gradients vanish as the number of qubits and the
circuit depth increases.”> Consequently, for complex mole-
cules, it becomes challenging for HEA to even reach the HF
accuracy.

There is a growing interest in designing quantum algorithms
to reach the best of both worlds, ie., to achieve chemical
accuracy with shallow quantum circuits. The Adaptive
Derivative-Assembled Pseudo Trotter for VQE (ADAPT-
VQE)* and its variants’®*” are promising approaches that
balance the accuracy and circuit simplicity. These methods
construct the ansatz iteratively based on the information
obtained from previous VQE runs. In parallel, orbital-
optimized approaches enhance the quality of a simplified
UCC ansatz by optimizing molecular orbitals classically.**~*’
While both ADAPT-VQE and orbital-optimized approaches
demonstrate improvements in accuracy and circuit depth, they
may inadvertently increase the measurement cost associated
with VQE.

In this study, we present a Hamiltonian engineering
approach to address the trade-off between circuit depth and
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accuracy in quantum computational chemistry. Our method
exploits the property that any unitary transformation applied to
the Hamiltonian preserves its eigenspectrum. Based on HEA
circuits, the Hamiltonian transformation is designed to 1)
ensure that a set of initial circuit parameters that correspond to
the HF energy can be generated; 2) maximize the energy
gradient with respect to circuit parameters; 3) impose
negligible overhead for classical processing without input
from quantum computers; and 4) be compatible with any HEA
circuit topology. As these objectives are achieved by virtue of
the Gottesman—Knill theorem for Clifford circuits,*""** we
term this Clifford-based Hamiltonian Engineering approach for
Molecules as CHEM. Experimental results obtained from a
quantum hardware emulator provide compelling evidence of
our method’s efficacy. Remarkably, it achieves chemical
accuracy for systems as large as 12 qubits, using quantum
circuits with fewer than 30 two-qubit gates and linear qubit
connectivity. To the best of our knowledge, such a level of
performance has not been previously reported in the literature.

2. THEORY AND METHOD

In this section, we first provide an overview of the basic
concepts of VQE, HEA, and the Clifford group in Sec. 2.1 and
present our proposed Hamiltonian engineering approach for
accurately estimating molecular energy with shallow circuits in
Sec. 2.2-Sec. 2.5.

2.1. VQE, HEA, and the Clifford Circuit. In this work, we
consider the molecular electronic structure Hamiltonian in the
second-quantized form

- s 1
H= 2 Vpglhpdq T >
q (1)

where v,, and v, are one-electron integrals and two-electron
integrals, respectively. a" and @ are Fermionic creation and
annihilation operators. In order to measure the expectation of
H on a quantum computer, the Hamiltonian is converted into

a summation of N-qubit Pauli string
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where w; is real coefficients, N, is the total number of terms,
and by = 0, ® 0}, @ 0, with 0, € {X, Y, Z, I}.

The wave function of the molecular system, represented by a
parametrized quantum circuit U(@), can be written as

by (0)) = U0)lp) ®)

where the initial state l¢p) is usually a product state. The
molecular energy with given parameters E(8) = (y(0)|Hliy(9))
can then be computed using a quantum computer. The goal of
VQE is to find a set of optimal parameters @* that minimizes E
using classical optimizers.

HEA is a family of versatile and widely used ansatzes that is
particularlzf suitable for execution on near-term quantum
hardware.”™ Compared with the UCC type of ansatz, the HEA
type ansatz has a lower circuit depth by utilizing hardware
connectivity and maximizing the number of operations at each
layer. Typically, HEA is composed of interleaved smgle qublt
rotation gate layers LSZ,{({HU}) and entangler gate layers LY. An
HEA circuit with p layers can be expressed as

1
UHEA({GI,‘}) = H [Lr(g{glj})L(l Lr(;)t)( 90;‘})
= (4)

Note that the product H,l:p is written in a reverse order to
match the direction of the circuit, i.e., the gates with smaller
indices are applied first. Slngle qubit rotation layer L,..({6,}

can generally be written as Lmt({e,]}) H]—MR](GI}) with 1%( 0)

= exp< i’p ) and P; € {X; Y, Z}. It follows that L(l)({G,j =0}) =

rot

L. The form of L( D is rather flexible, and an example with
consecutive CNOT gates and arbitrary Clifford gates {C;} is
illustrated in the brown dashed box in Figure 1. A key feature
of LY is that they are typically Clifford circuits, which enables
the Clifford-based Hamiltonian engineering approach for
molecules (CHEM) described below.

Clifford circuits are a special class of quantum circuits that
consist of gates from the Clifford group, which is a subgroup of
the unitary group. The Clifford group is generated by three
gates: the Hadamard gate (H), the phase gate (S), and the
controlled-NOT gate (CNOT). If C is a Clifford operator,
then for any Pauli string P, C'PC is still a Pauli string. The
ability to classically simulate Clifford circuits stems from the
Gottesman-Knill theorem, which states that any quantum
circuit composed solely of Clifford gates and measurements in
the computational basis can be efficiently simulated on a
classical computer using the stabilizer formalism.*"** The
classical simulation complexity of Clifford circuits without
measurements is O(N) in the number of qubits N, as opposed
to the exponential complexity associated with simulating
general quantum circuits.

2.2. Clifford-Based Hamiltonian Engineering. In this
section, we introduce how to design the Hamiltonian
transformation Ucygy to facilitate the optimization of HEA
circuits. The overall workflow is depicted in Figure 1.

The transformed Hamiltonian H’ is defined as

A = UEHEMH Uchem (5)
H’ shares the same eigenspectrum with H but with different
eigenstates. We restrict Ucygy to be Clifford operation, so that
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H' can be efficiently processed on a classical computer and H
has the same number of terms with FH. We first let Uchem =
Uj;za(0) and set the initial state of the circuit l¢p) as the
Hartree—Fock state lyyg). Then, the energy expectation at 6 =
0 is

(W(O)H Iy (0)) = (wp Al 6)

Within this transformation, the HEA circuit reaches HF energy
by setting € = 0, which serves as a good starting point for
subsequent parameter optimization.

Then, we take one step further by introducing an extra
freedom U to Ucyem

Uctem = UCUITIEA(O) (7)

where U¢ is an arbitrary Clifford operator with the only
restriction that it is invariant to the HF state, ie., Uclyyg) =
¢“Iye) up to some global phase factor ¢ This is necessary for
eq 6 to still hold. Here, U, is allowed to be dependent on the
structure of Uyg,.

In order to find better estimations of the ground state
energy, we construct U by maximizing the energy gradients at
0 = 0. Maximizing energy gradients has been proven to be a
reliable approach toward compact circuit ansatz and efficient
Hamiltonian transformation.****

To simplify notation, we rewrite the HEA in eq 4 as

1
= H R(6)B,
=M (8)

where B; is a (multiqubit) Clifford operator (could also be
1dent1ty) We note that eq 8 is not restricted to the HEA
structure in Figure 1; thus, our method can also be applied to
other types of HEA as well. According to the simplified indices
in eq 8, the energy derivative is written as

Unga(6)

OE
g = deE(O) = —
klg=o 9)
The reward function that we seek to maximize is defined as
R= ) lgl5
k (10)

where §;, = 0 or 1 indicates whether the gradient is redundant
due to linear dependencies in {9, ly(0))}. For example, if two
of the tangent vectors are linearly dependent, the correspond-
ing parameters are redundant during the optimization. Thus,
only one of them should be kept in the reward function. In
principle, higher-order derivatives, such as hy = 05,0yE(0), can
also be included in R, which shall be the subject of our future
work.

Next, we present simplified expressions for g and ;. To
begin with, we define Pauli string Q, that is transformed from
the Pauli operator P, associated with the kth rotation gate Ry:

k 1
_ i
Q. =[I8=]15
el ek (11)

Q. can be efficiently calculated on a classical computer since B;
is Clifford. The wave function derivatives are then written as

dgkll//(O)) = —éUHEA(O)Qkh//HF> (12)

https://doi.org/10.1021/acs.jctc.3c00886
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On the other hand, the energy derivatives are o5y} R e | A
Dgetx ! » | — ' X 7(0, 1) Construct U with
Ny 0.3 XZ§ ‘i 0.3*10 3 E” [ 1: 1 X components M
0.8%2X! } 0.8%01, 10
g = Z wim[ (o Q Iy )] (14 I L
14

I=1

with hj = ULhUc. Formally, eq 14 reduces to the expression of
energy gradients iterative qubit coupled cluster (iQCC)
approach*™*® when the circuit is simply ¢ %/2, However,
unlike iQCC, in which case the goal is to find a series of {Q}
and construct the circuit based on {Q.}, our method targets U
to avoid breaking the HEA circuit topology.

Based on eq 12 and eq 14, it is straightforward to calculate R
once Ug is known. However, the reversed task of finding Uc
that maximizes R, given H and {Q}, is considerably more
complex. In this work, we propose a heuristic greedy algorithm
designed to address this challenge. The details of the algorithm
extend beyond the fundamental concept of CHEM outlined
above and will be presented in the subsequent section.

To summarize this section, we briefly recap the key idea of
CHEM by analyzing how CHEM changes the landscape of
HEA. Both traditional HEA and HEA with CHEM can be
viewed as a parametrized ansatz that maps to a subspace of the
entire wave function space. However, traditional HEA
effectively chooses a random subspace, while CHEM tries to
find the optimal subspace by maximizing the energy derivatives
at the HF state. Since the subspace dimension is exponentially
small compared with the full space, randomly choosing the
subspace can be expected to give only exponentially small
energy improvements. In contrast, a subspace with large energy
derivatives ensures that at least a decent local minimum can be
reached. To ensure a global minimum, we need to consider the
infinite order of derivatives at @ = 0. The current approach of
using only gradients can be viewed as a first-order
approximation.

2.3. An Efficient Algorithm for Finding Uc. In this
section, we describe a greedy algorithm for finding U, which
proves effective in our numerical experiments. We will start by
simplifying the expression of R using the binary representation
of Pauli strings. Next, we propose a greedy algorithm that
constructs U based on the HEA circuit structure and the
Hamiltonian. The whole algorithm is outlined in Algorithm 1.
We also present a simple 2-qubit example to demonstrate the
algorithm in Figure 2. We note that the whole process is
carried out efficiently on classical computers without any input
from quantum computers, and a complexity analysis is
provided at the end of the section.

Without loss of generality, we assume lyy) = 10)®", and
then, the expectation in eq 14 can be simplified by
(=1)* %, ifxp =g
(W PQlyy) = e
else (15)

for arbitrary Pauli operators P and Q, where x, z, and ¢ are
binary representations of Pauli operators Specrﬁcally, for Pauli
operator P we have P = ¢,[[,(Z[i])?7(X[i])*", where ¢ €
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Figure 2. A simple 2-qubit example demonstrating the greedy
algorithm to find Clifford transformation Uc. {h;} and {w;} are the
Pauli terms and weights of the Hamiltonian, respectively, while {Q;}
is constructed by eq 11. The first step (marked in red) is to make
some simplifications for {h;} and {Q.} by (1) removing Q; with real
phases or repeated X components and (2) combining {;} with the
same X components. We note that the X component of 0.1XX +
0.5YY is 0.4 since YY = (—iZX)(—iZX) has an opposite sign with XX.
The second step (marked in green) is to reorder the X components of
{Q;} and {h;} by permutation s and weights w;, respectively. The third
step (marked in orange) is to use Gaussian elimination to find linear
independent terms to construct X, and X,. Finally, we solve M and
construct U¢ with X components M.

{1, i, =1, =i}, x[i], € {0, 1}, z[i], € {0, 1}. The index in the
square parentheses is the qubit index. xp and z; are the vector
representatlons of {x[ ] p} and {z[ ] p} Using this representa-
tion, Q[ can be expressed as
Dol T2l i) (X)) =(Z[1])4e(x[i])* 2. With the anti-
commutation relatlonshlps of X and Z, eq 15 then follows
naturally.

Eq 1S allows us to simplify the calculation of the reward
function R in eq 10 from the following aspects one by one. The
first aspect involves screening out terms with zero contribu-
tions in the summation in eq 10. Since ¢, is always real, (yy;l
h{Qlyyg) in eq 14 has an imaginary part only when Q, has an
imaginary part. Thus, indices k with ¢ # =+i can be dropped
in eq 10 since the corresponding g, is zero. Second, from eq 13,

S = ii is equivalent to xq = xq. Thus, the J, factor in eq 10
essentially removes repeating x, vectors, and in the following,
we may assume xq is unique. The third aspect is more for
notational simplicity. Specifically, we combine those h; with

the same «x,, and keep only one of them. Meanwhile, the

weights w; are summed accordingly with the phase information
from ¢, taken into account. This is viable because zp does not
appear in eq 15, and hj with the same x;; has the same (il
hi Qulyyr). Consequently, we may also assume x; is unique.
The treatment is similar to the Hamiltonian partitioning
process in the iQCC algorithm®>*® but simpler due to the
stronger lygp) = 10)®" assumption we have. After these
operations, g, and R become

+w, if Xq, = Xy for some [
& =

0 otherwise

(16)

R= w2

le{“thE{ka} }

(17)

https://doi.org/10.1021/acs.jctc.3c00886
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where lwjl, x;,, and x, are after the above simplifications (the
same hereinafter). Note that there is at most one x, that
satisfies xq, = x;,;. g and R only depend on lwj, x;,, and x. The
theoretical upper limit of R is R, = > lw)l*, which is achieved
when {x;;} C {xq}.

Next, we present an efficient algorithm to find Uc that
approximately maximizes R. Under the stabilizer formalism, a
Clifford operator is uniquely specified up to a global phase by
its transformation result of {Z[1], Z[2], .., Z[N]} and {X[1],
X[2], .., X[N]}. Therefore, requiring Uclpyp) = €“lyyr) means
that ULZ[i]Uc only has Z components in the binary
representation. As a consequence, U-X[i]Uc must have only
X components since Clifford transformation preserves
commutation/anticommutation relations. Since we do not

care about the signs, U can be specified by M € Z)*N such
that U-X[i]U¢ has X component M; (the ith row of M) in the
binary representation. This allows us to relate x;; and x, by

(18)

xhlf = Mxhl

Supposing the matrix forms of x;, and x, are X;, € 75N and
Xq € ZIZVXNQ, where Nj, and N, are the number of h and Q,

respectively, maximizing eq 17 is equivalent to finding M such
that Xj = MX, has the most repeated columns with X,
weighted by lw/>. On the other hand, the transformation for
{z[1], Z[2], ..., Z[N]}, which does not affect R, is determined
by M up to a phase because Clifford transformation preserves
commutation/anticommutation relations.

Although the problem of finding M described above is more
tractable than “finding the best U¢”, it still represents a discrete
optimization problem, which is generally difficult to solve. In
the following, we describe a greedy algorithm for this
maximization problem, which proves effective in our numerical
simulation. The algorithm is motivated by the fact that any two
full-rank n X r matrices can be related by an n X n invertible
transformation M. Specifically, let the rank of Xj, be r;, the rank
of Xy be rq, and r = min(r), ry). Then, we greedily find r
linearly independent columns of X;, as X; € Z)™" with the
largest weights lwj|* and find r linearly independent columns of

Xq as X, € ZY*". The searching of linearly independent
columns can be done using Gaussian elimination with modulo
2. Since Xj, and Xj are full-rank, we can easily construct
M € 72N such that MX], = X4y Thus, it is guaranteed to
achieve R > YI_,lwj,I’, where w}, is the corresponding weights
of Xj. In Algorithm 1, we present the pseudocode for
constructing M based on the greedy algorithm.

Since the r linearly independent columns of X, are not
unique, we may optimize the columns chosen such that R is
maximized. To do this, we reorder the columns of X, by a
permutation s

s:xg = Xq (19)
before the Gaussian elimination and allow s to change freely.
Furthermore, we permit the single-qubit Clifford gates {C;}
shown in Figure 1 to vary freely among all 24 different single-
qubit Clifford operators. Although these gates do not generate
entanglement in the quantum state, they allow Q; to traverse
the Pauli string space and, eventually, help to shape the
optimization landscape such that a high-quality local minimum
can be reached easily. The parameters s and {Cj} can be

s(i)
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Algorithm 1: A greedy algorithm for finding Uc

input : Hamiltonian A (Eq. 2) and quantum circuit Ugpa (0) (Eq. 8)

output: Clifford unitary transformation Uc
1 Construct X, from a
2 Combine repeated z, in Xj with summed weights w;
3 Reorder columns of X, based on weights |w|
4 X;, = GaussianElimination(X})
5 Xj = Xp[:,:7] /* The first r columns */
6 while not converged do
7 | Generate new s and {C;}
/* Q) is determined by the quantum circuit */
8 Construct {Qy} from Unga (0) and {C;} based on Eq. 11

9 Drop Q. with real ¢g, or repeated zq,
10 | Construct X¢ from {Qx}
11 r = Min(Rank(X}), Rank(Xg))
12 Reorder columns of X based on s
13 | X = GaussianElimination(Xg)
14 XZ?:XQ[;:T]
15 | M = Xj-PseudoInverse(X})
16 Calculate R based on Eq. 17
17 end
18 Construct Ug based on M

/* The first r columns */

optimized by some classical discrete optimizer. The overall
workflow for Clifford-based Hamiltonian engineering, illus-
trated in Figure 1, is as follows. At the beginning of each
optimization step, we input a list of single-qubit Clifford gates
{C;} and permutation s. Subsequently, we obtain {Q,} using eq
11. {Q,} and s, combined with the Hamiltonian H = Y wjh, are
then used to generate the Clifford transformation U by the
aforementioned greedy algorithm. After that, the Hamiltonian
is transformed according to eq S. Finally, we calculate the
reward function R using eq 17 and update {C;} and s for the
next iteration. After the optimization is complete, VQE with
the engineered H' is performed to calculate the molecular
energy. It is worth noting that the discrete optimization over s
and C; is not the key component of CHEM. Rather, the greedy
algorithm, which constructs U¢ from given s and {Cj}, is the
primary driver behind the success of CHEM. In Table 2, we
show that based on random s CHEM significantly improves
the R, ansatz.

Lastly, we discuss the computational cost complexity of this
algorithm in each iteration. We recall that p is the number of
layers so there are O(Np) single-qubit rotations and CNOT
gates. To calculate Q;, we need to do O(Np) Clifford
evolutions, which have cost O(N?p). The cost of performing
the Gaussian eliminations for X, is O(N’p). We note that
Gaussian elimination for X, is only needed to be performed
once so is not counted in the cost of each iteration here. Thus,
the total cost is finally O(N°p). We note that a direct
calculation of eq 14 is O(N*) for each g, which would lead to
an overall scaling of O(N°p). By simplifying eq 14 to eq 16, the
computational complexity for each g is reduced to O(log N*)
< O(N) through a binary search. Therefore, its contribution to
the final scaling can be neglected. Given that the entire
iteration is executed on classical computers with low scaling
with N, the CHEM method accelerates the subsequent VQE
with minimal additional preprocessing overhead.

2.4, Relation with Previous Works. CHEM engineers
the Hamiltonian via Clifford similarity transformation and
outputs a Clifford-initialized circuit for VQE. Here, we
compare and discuss the relation of CHEM with previous
works that either use Hamiltonian similarity transformation or
Clifford initialization techniques for VQE problems, respec-
tively.

Both the iQCC approach™*~* and CHEM aim at
reducing the circuit depth by maximizing the first-order energy
derivatives in eq 14. However, the iQCC approach selects the
best {Q} and constructs the circuit with the form e ?2/2

https://doi.org/10.1021/acs.jctc.3c00886
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which generally decomposes to ~2N (where N is the number
of qubits) linearly connected CNOT gates and does not fully
utilize the HEA topology. Compared with iQCC, CHEM
focuses on finding the best Clifford transformation Ucygy
instead of {Q.}, which does not require any decomposition of
multiqubit gates while allowing user-specified or hardware-
specific HEA circuit topology. Additionally, the iQCC
approach involves an iterative transformation of the Hamil-
tonian using multiqubit rotation gates, resulting in a growth of
terms in the Hamiltonian and thus a higher measurement cost.
CHEM does not have this issue since the transformation is
fully Clifford. Furthermore, since Clifford transformations
preserve commutation properties, the number of mutually
commuting groups for the Hamiltonian remains the same after
the transformation. As a result, assuming entangled measure-
ments, the number of measurement shots does not increase.
On the other hand, it is possible that the Pauli string becomes
more nonlocal if the Bravyi-Kitaev transformation is employed,
which will result in a deeper measurement circuit.

A recent study employed hierarchical Clifford similarity
transformations to reduce entanglement in the wave
function.’® The method is tested for VQE tasks and shows
promising results. In contrast, CHEM engineers Clifford
similarity transformation by directly targeting optimized VQE
energies. Clifford transformation has also been utilized to
entangle independent quantum circuits for V(lE.A51 In all
aforementioned methods, the transformation over H is built
iteratively using information from expensive trial VQE runs. In
contrast, CHEM constructs the overall transformation Ugygy
on a classical computer using the efficient algorithm proposed
in Sec. 2.2.

CHEM optimizes {Cj} in the HEA circuit, which shows
resemblance to the Clifford circuit initialization methods.”>>>
These approaches aim to improve VQE performance by
optimizing circuit architecture classically, requiring the initial
circuit to be composed of Clifford gates. The optimization
objective is either the energy or its derivatives. However,
without a proper engineering of U, the number of required
trials exponentially increases with increasing the number of
qubits to find a set of optimal {C;} with nonzero g; by a brute
force search. To see this, we can assume that the Pauli operator
Q calculated from eq 11 is randomly distributed in all N-qubit
Pauli operators, and then, the probability that g = Im[{yygl
hQlyie)] gives a nonzero value for some fixed h decays as 27N,
Thus, it is crucial to match x, and x, via the Clifford
Hamiltonian engineering proposed in Sec. 2.2. Failing to do so
would merely transfer the difficulty in VQE optimization to the
challenge of optimizing Clifford gates.

2.5. Numerical Details. In this study, all the HEA
simulations are performed using the TENCIRCHEM package’”
with inputs computed using the CHEM package (https://
github.com/sherrylixuecheng/ CHEM). The molecular inte-
grals and reference energies based on classical computational
chemistry are obtained via the PYSCF package.” The parity
transformation®®” with two-qubit reduction is employed to
convert the Hamiltonian defined by eq 1 into a summation of
Pauli strings. The calculations of g; and R are implemented by
JAX>® with just-in-time compilations. The discrete values of G
and s are optimized by the simulated annealing (SA) method.
Practically, we use 4/R instead of R as the objective function.
In each step of SA, we make a trial move by randomly changing
one value of C; and randomly switching two elements in s. For

j
a given circuit with N qubits and p layers, we perform the SA
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optimizations by 50 * N * p iterations, and the corresponding
temperatures in the SA optimizations decrease from 0.05 to
0.002 evenly on a logarithmic scale. Due to the efficient
algorithm proposed in Sec. 2.2, the whole iteration terminates
within seconds for the systems tested in this work. To obtain
the final HEA energies, we use the L-BFGS-B optimizer
implemented in the SciPy package™ with the default settings
to optimize the HEA circuits engineered by CHEM.

3. RESULTS AND DISCUSSION

We show the ability of CHEM to reach high accuracy with
shallow circuits by simulating four molecules and seven

Table 1. Molecular Systems Tested in This Work”

Molecule Geometry Active space

H, d = 0.8000 A (2¢, 30), 1ay, 24,y 24y,
full space

LiH d = 1600 A (2¢, 30), 2ay, 3a,, 4a,
full space

BeH, d = 1.000 A (4e, 40), 2ay, 1ay, 34,y 24y,
full space

H,0 d =0.9584 A, (4e, 40), 3ay, 1by, 4ay, 2b,

¢ = 104.45°

“d is the bond length, and ¢ is the bond angle. The STO-3G basis set
is used throughout.

electronic structure systems numerically. The molecular
systems tested in this study are summarized in Table 1. In
this work, the results collected on BeH, systems are
demonstrated and discussed extensively. With the STO-3G
basis set and parity transformation, BeH, corresponds to 7
spatial orbitals and 12 qubits. We also employ a (4e, 40) active
space description of the BeH, with all valence electrons and A,
orbitals.

3.1. Validity of Reward Function R and Necessity of
Uc. Figure 3 demonstrates how engineering the Hamiltonian
can result in lower VQE-optimized energy by maximizing the
reward R. The data points are obtained from 1000 random
runs of simulated annealing. Across all subfigures in Figure 3,
the optimized energy errors are well correlated with the reward
R for a Hamiltonian transformation Ucygy, indicating that the
design of R is a valid proxy to the quality of the corresponding
VQE problem. That is, the better R we achieve, the lower
energy we can reach in the subsequent VQE. Furthermore,
compared with the approach in which U is assumed to be
identity and only {C;} is optimized, which is shown in Figure
3(c) and (d), our engineering of U, significantly increases the
reward R and reduces the error of VQE energy (Figure 3(a)
and (b)). Thus, the crucial aspect of our approach is the
engineering of the Hamiltonian to maximize the initial energy
gradients.

In Sec. 2.4, we have shown that naive Clifford circuit
optimization without proper engineering of U. becomes
inefficient as N increases. This trend is manifested by
comparing Figure 3(c) and (d), in which extending from the
active space treatment to full space treatment introduces
significant challenges to maximizing R. Meanwhile, although in
Figure 3(d) most of the cases have nearly zero R values, in
Figure 3(b) most of the data points are close to the theoretical
highest reward R, and the energy errors are significantly
lower than the ones in Figure 3(d). Such findings underscore
the necessity of performing Hamiltonian engineering. Addi-
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Figure 3. Errors of optimized HEA energies as a function of the reward R with and without Clifford-based Hamiltonian engineering using BeH,
systems as examples. In (a) and (c), the (4e, 40) active space is employed, and in (b) and (d), the full space is employed. In top panels (a) and (b),
the Hamiltonian engineering is performed, and in bottom panels (c) and (d), the Hamiltonian engineering is not performed. Optimized HEA
energy errors are computed with the corresponding reference FCI energies. The dashed lines represent the theoretical highest reward R, that the
corresponding molecular system can reach. In each panel, for each circuit depth p, the results of 1000 trials with the corresponding labeled settings

are plotted.
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Figure 4. Distributions of gradients lg;| obtained from CHEM for BeH, systems calculated with (4e, 40) and full space with different circuit depths.
(a) The density histograms of the absolute values of the gradients with p = 3 are shown in the plots (Ig|). To better display the small values, we plot
the x-axes on logarithm scales. Additional histograms of Ig;| collected with different p values are shown in Supporting Information Figure S2. Panel
(b) displays the ratio of Ig/ values smaller than 107 versus the depth of the circuits p for two systems.

tionally, CHEM scales well with the number of layers p in the
HEA circuit. In all the panels, the rewards tend to increase and
lead to lower VQE energies with increasing p values.

3.2. Potential Reduction of VQE Parameters. Another
advantage of the CHEM framework is that most of the g is
zero as a result of eq 15, which implies their impacts on the
energy minimization procedure may be neglected. The density
histograms of g, collected from 1000 CHEM trials with
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different p’s are shown in Figure 4. The histograms show that a
small fraction of the parameters contributes to most of the
reward function R, and more than half of the parameters have
nearly zero (Igil < 107°) gradients. Figure 4(b) plots the ratios
of parameters with vanishing gradients (g < 107°) as a
function of circuit depth p. This ratio increases when the
number of qubits N or the circuit depth p increases by
comparing the results of the simulations with (4e, 40) and full
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Figure 5. Optimized energy distributions using the CHEM protocol and R, ansatz with random initializations for (a) BeH, (4e,40) and (b) BeH,
full space. In (c) and (d), the corresponding results for the R, ansatz without CHEM are shown. The gray dashed vertical lines represent the
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Table 2. Errors of Optimized HEA Energies with Respect to
FCI for the BeH, Molecule with Full Space”

w/o CHEM CHEM SA-free CHEM
MIN“ (mH) 16.61 0.7954 0.914
MAE® (mH) 85.50 2.240 7.844
STD* (mH) 141.02 1.012 0.930

“+, MIN: minimum error. *, MAE: mean absolute error. #, STD:
standard deviation of the error. “The number of layers is set to 3. The
three columns are for the R, ansatz, CHEM, and CHEM without SA
optimization from 1000 trials, respectively.

space and the results of the simulations with different p values,
respectively. By fixing the parameters with zero gradients, a
reduction of the dimensionality in the optimization problem
can be achieved to significantly accelerate VQE optimizations.
Incorporating this fact with more advanced optimization
techniques, such as Bayesian optimizations,”’ could also enable
efficient and noise-robust simulations on the near-term
quantum devices, which is a future direction and is not taken
into account in this work for simplicity.

3.3. Comparison to HEA without CHEM. Next, we
compare the optimized energy from CHEM with traditional
VQE based on the R, ansatz. The R, ansatz is a special form of
HEA that allows only the R, gates in the rotation layers

17,29,34,61
Lo " The ansatz is popular for molecular electronic
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structure simulations because it enforces real amplitude in the
wave function. Due to optimization challenges associated with
traditional HEA circuits, it is common to run VQE multiple
times with different initial guesses in order to obtain
meaningful results. In the following, the lowest energy
obtained from 1000 independent trials is reported for the R,
ansatz. Since CHEM deterministically starts the optimization
from @ = 0, we also run CHEM 1000 times with random SA,
corresponding to 1000 independent VQE optimizations, to
ensure a fair comparison.

The distributions of the VQE optimized energies with p = 2,
4, 6 are illustrated in Figure 5. The results with p = 1, 3, S are
included in Supporting Information Figure SS. In all cases
considered, the results from CHEM outperform the results
from the R, ansatz by a considerable margin, as demonstrated
in Figure S(b) for the full space calculation of the BeH,
molecule. Since with CHEM the VQE optimization starts from
the HF energy, the energy errors of CHEM are consistently
lower than the ones of HF. The same is not true for traditional
HEA, in which case the largest error is around 1 Hartree due to
the poor initial guess. Additionally, the accuracy of CHEM
monotonically increases as p increases from 2 to 6. In both
panels of Figure $, it is visible that CHEM can reach chemical
accuracy (error <1.6 mH) when p = 2. Intriguingly, we have
observed unusual distributions of the optimized parameters for
the R, ansatz over the 1000 VQE runs, which is plotted in
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Figure 6. Optimized HEA energies (in (a) and (b)), reward function (in (c
and (h)) for CHEM with and without active space treatments of the three

) and (d)), optimization costs (in (e) and (f)), and the wall time (in (g)
molecules. Lines with deep colors and star markers are for CHEM, and

lines with light color and circle markers are for the VQE based on the Hamiltonian without Clifford transformation. All y axes are plotted on
logarithm scales. The shaded areas in (a) and (b) correspond to the chemical accuracy of 1 kcal/mol (or 1.6 mH).

Supporting Information Figure S1. More specifically, most of
the optimized parameters are close to integer or half-integer
times of 7z, which turns the corresponding rotation gates Rj(Gj)
into Clifford gates. In the Supporting Information, we discuss
its potential connection to the remarkable efficiency of our
method.

In Table 2, we present a comparison of error statistics
between CHEM and the R, ansatz. Consistent with the results
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shown in Figure 5, CHEM significantly outperforms the R,
ansatz in terms of minimum error, absolute error, and standard
deviation of error. Additionally, we include results from
CHEM without SA optimization in Table 2. In this case, we
employ the R, ansatz and construct U from randomly chosen
Xq columns. While the accuracy of the SA-free method is
expectedly lower than CHEM, the mean absolute error is only
10% of the R, ansatz, and the minimum error is only 15%
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Table 3. Errors of Optimized HEA Energies and Required Average Numbers of Iterations Using Random Initialization and

CHEM for Different Systems™"”

System No. of | HF error w/o CHEM x1000 (p=3) CHEM x1000 (p=3)
qubits | (mH) | MIN* (mH) MAE! (mH) ITER# | MIN (mH) MAE (mH) ITER
Hy, (2e, 30) 4 20.81 3.755e-06 4.763e-02 118.6 1.371e-07 2.412e-02 26.02
LiH, (2e, 30) 4 19.21 2.656e-06 0.1514 63.89 2.608e-05 5.807e-02 48.31
BeH,, (4e, 40) 6 18.97 7.242 10.57 128.8 1.115e-02 0.1445 28.39
H50, (4e, 40) 6 7.451 1.353 5.367 85.56 1.427e-05 2.824e-02 15.97
H,, full space 6 46.17 17.61 22.05 179.9 1.876e-02 0.8048 96.10
LiH, full space 10 20.46 1.405 36.83 113.6 0.1828 0.4897 56.20
BeH,, full space 12 26.07 16.61 85.50 156.1 0.7954 2.240 59.53

“*, MIN: minimum error of the 1000 trials. ¥, MAE: mean absolute error of the 1000 trials. #, ITER: averaged number of iterations for VQE
optimization. “The errors are computed using the FCI energies as references for the corresponding systems. Errors below chemical accuracy (about

1.6 mH) are marked in green.

higher than CHEM. Thus, the strength of CHEM lies in
Hamiltonian engineering, and the SA optimization serves as an
improvement component with very little additional cost (see
Figure 6).

3.4. Benchmark of Optimized VQE Energies. We then
examine the performance of CHEM by extensive benchmark
over 7 different electronic structure problems, ranging from 4
qubits to 12 qubits. In Figure 6(a) and (b), we show the best
error over 1000 different initializations based on both CHEM
and the R, ansatz. For simpler systems such as LiH with (2e,
30) active space shown in Figure 6(a), both methods can
achieve high accuracy. For larger systems such as BeH, without
active space approximation, CHEM consistently outperforms
the R, ansatz. While the R, ansatz without Hamiltonian
engineering struggles to decrease the error below 10 mH,
CHEM reaches chemical accuracy with p = 2. Since the
number of CNOT gates in the circuit is (N — 1)p in our
setting (Figure 1), CHEM drives the error below 1 mH with
only 22 CNOT gates in the circuit. Note that the circuit used
in Figure 1 has linear qubit connectivity which is the minimal
requirement for the quantum hardware architecture. Upon
increasing p, the best error from CHEM decreases at a slow
pace. We conjecture that the origin of the slow pace is the
saturation of the reward function R to R,,,. As shown in Figure
6(c) and (d), the optimized R is very close to the theoretical
maximum value. For smaller systems employing active space
approximation, the reward function R hardly changes with p,
which is a possible reason for the fluctuation of best errors
shown in Figure 6(a). Therefore, a possible direction to further
improve CHEM when p becomes large is to design a more
sophisticated R that acts as a more faithful proxy to the VQE-
optimized energy. A straightforward approach without much
additional complexity is to consider higher-order energy
derivatives. One may notice that the circuit used for CHEM
has more parameters than the R, ansatz with a given number of
layers p and expect the VQE optimization of CHEM to be
more difficult than that of the R, ansatz without CHEM.
However, as shown in Figure 6(e) and (f), the optimization of
CHEM takes fewer steps to converge due to the large initial
gradients. For the LiH (2e, 30) system, the benefits of our
method, CHEM, are not as pronounced for larger p values due
to the saturation of the reward function. However, it is
important to note that this phenomenon is only observed in
smaller systems where the optimization process does not
present a significant challenge. Consequently, we believe that
the impact of this occurrence on the practical application of
VQE is minimal. Also, as shown in Figure 4, many parameters
have zero gradients and can potentially be set as frozen during
parameter optimization, which further reduces the optimiza-
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tion difficulty. Lastly, we note that it is almost instant to
perform CHEM in all cases reported (Figure 6(g) and (h)).
Besides, the wall time scales linearly with p, in agreement with

the formal scaling of O(N*(N + p)).

In Table 3, we list the statistics of errors including the
minimum error (MIN) and the mean absolute error (MAE)
over the 7 different systems at p = 3. Due to the lack of a
proper initial guess for traditional HEA, it is not trivial for the

ansatz to reach the HF energy. For example, the MAEs of
full space LiH and BeH, are higher than the HF error when the
R, ansatz is employed, although their minimum errors are
lower. On the other hand, CHEM starts the optimization from
the HF energy with large energy gradients. As a result, the
MAE of CHEM is much smaller than the HF error and reaches
chemical accuracy except for the BeH, system. And if the
minimum error is considered, chemical accuracy is reached for
all systems studied in this work. The distributions of the
optimized CHEM energies of the systems are included in the
Supporting Information (Figures $3—S6).

4. CONCLUSION AND OUTLOOK

In conclusion, we have developed a Clifford Hamiltonian
Engineering for Molecules (CHEM) approach for highly
accurate molecular energy estimation with shallow quantum
circuits. By designing the Hamiltonian transformation Ucygy
that maximizes the energy gradient, CHEM remarkably
alleviates the optimization difficulties associated with hard-
ware-efficient ansatz without breaking the arbitrariness of the
circuit topology. Based on the efficient algorithmic implemen-
tation, CHEM bears minimal classical computing overhead,

with a computational complexity of O(N*(N + p)), and no
additional quantum resources are needed. The numerical
experimental results for a variety of molecular systems show
that our approach scales well with both N and p. In particular,
we find CHEM reaches chemical accuracy for these molecules
using quantum circuits with fewer than 30 two-qubit gates and
linear qubit connectivity. This level of performance is
unprecedented in the literature and highlights the potential
of our method for practical applications in quantum computa-
tional chemistry.

Looking forward, there are several avenues for further
research and development. First, by designing a more
sophisticated reward function R and a better algorithm to
match x;, and xg, it is possible to further improve the
performance of CHEM. Second, integrating CHEM with other
optimization techniques and ansatzes could lead to even more
efficient and accurate quantum algorithms. Finally, the
implementation of our Clifford Hamiltonian engineering
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approach on real quantum hardware would provide valuable
insights into its performance and robustness in the presence of
hardware noise.

It is intriguing to contemplate the potential application of
CHEM to long-term quantum algorithms, such as quantum
phase estimation (QPE) and adiabatic state preparation
(ASP). In the context of QPE, increasing the overlap between
the trial wave function and the ground state presents a
significant challenge. In this scenario, both VQE and CHEM
could provide good input for QPE by generating accurate trial
wave functions. On the other hand, the success of ASP is
dependent on maintaining a large energy gap along the
evolution path. Since CHEM preserves the eigenspectrum, an
effective strategy to utilize CHEM for ASP deserves further
investigation.

Overall, our work contributes to the ongoing efforts to
develop efficient and accurate quantum algorithms for
chemistry applications and brings us one step closer to
unleashing the full potential of quantum computational
chemistry on near-term quantum devices.
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